Quantum mechanics on manifolds is not unique and in general infinite number of inequivalent quantizations can be considered. They are specified by the induced spin and the induced gauge structures on the manifold. The configuration space of collective mode in the Skyrme model can be identified with S 3 and thus the quantization is not unique. This leads to the different predictions for the physical observables.
Introduction
Quantum mechanics on S n is not unique and in general infinite number of inequivalent quantizations can be considered. They are characterized by the induced spin [1] and the induced gauge structure [2, 3, 4] . For example the induced gauge structure on S 1 is that of a vortex located at the center of S 1 (r = 0), for S 2 the gauge structure is that of a magnetic monopole also located at the center of S 2 and furthermore for S 3 (and for S 2n−1 , n ≧ 3) the induced gauge field is that of meron or zero-size instanton (generalized meron or generalized zero-size instanton ) sitting at the center of S 3 (S 2n−1 ) [5, 6] , while for S 4 (and for S 2n , n ≧ 3) the gauge field is that of instanton (generalized instanton) [4, 7] . Quantum mechanics on S n has been formulated in [3] by extending the canonical commutation relations that are valid on the flat space, while the authors of [4] have considered S n as a coset space G/H and have obtained the effective Lagrangians that correspond to many inequivalent quantizations. Application of this idea to the physical models and extension to the field theory [8, 9, 10, 11] are the interesting problems to be pursued.
In this article we consider the SU(2) Skyrme model [12] as a concrete example, where in the semi-classical approximation the problem reduces to the quantum mechanics on S 3 . Adkins, Nappi and Witten (ANW) [13] have quantized the system and have shown that the model describes the static properties of the baryon within 30% accuracy. We show that the assignment of the baryonic states in this model is not unique and that ANW analysis corresponds to the simplest case of inequivalent quantizations on S 3 . We shall apply the idea of quantum mechanics on S 3 to this problem and discuss the effects of induced spin as well as gauge structure to the physical quantities of this model.
Quantum mechanics on S 3 will be reviewed in Sec.2, and Sec.3 is a short review of SU(2) Skyrme model as developed by ANW. In Sec.4 we shall discuss the inequivalent quantizations in the Skyrme model. Sec.5 is devoted to summary and discussions.
2 Quantum mechanics on S
3
In this section we shortly recapitulate the quantum mechanics (QM) on S n [3] . It is described by the following fundamental algebra
whereĜ αβ = −Ĝ βα are the generators of SO(n+1), andX α the coordinates of S n satisfying n+1 α=1X
It has been noted [3] that there exist an infinite number of inequivalent representations of this algebra, that are characterized by the "induced spin" and "gauge structure". This provides a strong contrast to QM on the flat space, where the irreducible representations of the canonical algebra
In what follows we shall be concerned with the case of S 3 only, the induced Lagrangian [4] of which is given as
where A i (i = 1, 2, 3) is the induced gauge field expressed in terms of the S 3 -variable a i . The variable h, an element of SU(2) V , expresses the induced spin S i as
with
5)
Here we utilize the coset space representation G/H for the manifold with the identification
where B and C are 2 × 2 SU(2) matrices. Using the section σ (a i ) of G/H expressed as
the induced gauge field (H-connection) A i is given by
The induced gauge field on S 3 is meron (anti-meron) [5] or zero-size instanton (anti-instanton) [6] located at the center of S 3 in R 4 . The sections corresponding to the meron and instanton are respectively
In terms of these the induced Lagrangian is
Skyrme Model
In this section we briefly review the SU(2) Skyrme model discussed in [13] .
One starts with the Lagrangian
where U is an SU(2) matrix transforming as U → AUB −1 under the chiral SU(2)×SU(2) , F π = 186MeV is the pion decay constant. There are topological soliton solutions in the Lagrangian (3.1) and we identify the soliton number with the baryon number. To describe the static soliton , one starts with the ansatz
with the boundary conditions F (r) = π at r = 0 and F (r) → 0 as r → ∞ .
F (r) is solved numerically by minimizing the static energy. As a semiclassical approximation to the Skyrme model, ANW consider
and quantize the zero mode A(t). Substituting (3.3) into (3.1) and performing the space integral we get
where
is the static energy of the soliton (skyrmion) and
As A(t) is an element of SU (2), (3.4) describes a system defined on S 3 (considered in section 2) and thus A(t) can be identified with A in (2.10). Isospin transformation of A (t) is expressed as A → V A. Space rotation, on the other hand, can be transferred to the spin transformation of A(t) and is expressed in terms of SU (2) matrix R as A → AR. Thus isospin and spin operators are obtained from the Noether currents as
The wave functions for baryons, i.e., the eigenstates of (I, I 3 , J, J 3 ) are
, · · · .
From (3.4) the Hamiltonian is
and the masses of nucleon and delta are
Using the experimental values for M N and M ∆ one has
The magnetic moments of these states are obtained as follows. The isoscalar and the isovector parts of the magnetic moments are respectively
is the space component of the baryon number (topological number) current and V 3 i is the space component of the isovector current which satisfies the relation
(3.14)
To calculate µ I=0 , one substitutes (3.13) into (3.12a), then carrying out the space integral one is lead to
Here we used the relation
Similarly, calculation of µ I=1 is reduced to that of p ↑| tr τ 3 A † τ 3 A |p ↑ and using
which is valid for the nucleonic states, one finally has
From (3.15) and (3.18) the magnetic moments of proton and neutron in terms of the Bohr magneton are µ p = 1.87 and µ n = −1.31 respectively. ANW have calculated also other physical quantities like g A , g ππN and g πN∆ . Their conclusion is that the model describes the reality within about 30%.
Inequivalent Quantizations
As we saw in the previous section the configuration space of the semiclassical approximation to the Skyrme model is S 3 . The question of inequivalent quantizations, discussed in sec.2, arises here. It is clear that the ANW analysis of the previous section corresponds to the trivial quantization with the "induced spin" S = 0 and induced gauge field A µ = 0. In this section we shall discuss the possibility of the other non-trivial quantizations with nonzero "induced spin" and induced gauge field and examine the physical effects to the results of the Skyrme model. In the following we shall consider the cases when the induced gauge field configuration is 1) that of meron and 2) that of zero-size instanton .
Meron case
The section σ(a) for the case of meron configuration is
As quantum mechanics on S 3 we introduce the "induced spin" and the induced gauge field by substituting (4.1) into (2.8) and (2.3). Then the resulting effective Lagrangian is
and S i is the "induced spin" operator (2.4). As the dynamical variables we consider h µ and a µ . Since the non-trivial quantization has been already taken into account in (4.2), we can carry out the constrained quantizationà la Dirac (see Appendix). We obtain the following commutation relations
π µ is canonical conjugate ofâ µ and in theâ µ -diagonal representation is given asπ
Although the expression (4.5) is identical with the one given in ANW, from
we haveȧ
which depends on the "induced spin" and induced gauge field in contrast to ANW. From
isospin and spin transformations are respectively
Thus using the Noether currents isospin and spin operators are
9a) ) is the case of S = 1. This case is capable of describing the following states:
In what follows we shall be concerned with the effects of the "induced spin" and the induced gauge fields on the Skyrme model, identifying the N and ∆ with the (
) and (
) states in S = 1. Baryonic wave functions in our case can be expressed in terms of those of ANW as
where |p ↑ , |n ↑ , · · · are given in (3.8). The Hamiltonian
thus the baryon mass does have the effect of the "induced spin". From (4.13) we have
and using the experimental N and ∆ masses we obtain Note that the value of F π e 3 is the same as that of ANW. Next we examine the magnetic moments. As baryon number current and vector current are the same as in ANW, calculation of (µ I=0 ) 3 and (µ I=1 ) 3 reduces to that of the matrix elements p ↑|| tr ∂ 0 A † Aτ 3 ||p ↑ , p ↑|| tr τ 3 A † τ 3 A ||p ↑ . Using (4.7), (4.5) and (4.9b) we have
Similarly the isovector part is
As a result, the values of (µ I=0 ) 3 and (µ I=1 ) 3 differ from those of ANW by the factors 0.32 and − 
Instanton case
The section σ(a) for the zero-size instanton configuration is
The effective Lagrangian is given as
Commutation relations, isospin and spin operators, baryon wave functions are the same as in the meron case, the only change beinġ
i.e., the contribution from the "induced spin" and the induced gauge field tȯ a µ is different by a factor 2. The Hamiltonian expressed in terms of J i and I i is
which unlike the case of meron has no contribution from the "induced spin". N and ∆ masses follow from (4.21) 
and the isoscalar part of magnetic moments is 
e/e ANW 0.99 1 
Summary and discussions
SU (2) Skyrme model reduces in the semiclassical approximation to the S 3 system. We have applied to this system the idea of inequivalent quantizations of quantum mechanics on S 3 . Inequivalent quantizations are specified by the "induced spin"; S = 0, ) and ∆ = ( ) are present only in S=0 and S = 1 cases. The S = 0 case corresponds to ANW analysis. The S = 1 case has been discussed in Sec 4. We compare the cases S = 0(ANW), S = 1(ME) and S = 1(INS) in the following. In S = 1 case the "induced spin" contributes to the spin operator of the skyrmion. The Hamiltonian, on the other hand, has the same expression for S = 0 and S = 1(INS), and there appears S dependence for S = 1(ME). Using the experimental values for M N and M ∆ we obtain the same values for F π , e and the isoscalar part of the nucleon magnetic moment in the cases S = 0 and S = 1 (INS), while in the case S = 1(ME) these values get modified. The isovector part of the nucleon magnetic moment, on the other hand, gets modified in the cases S = 1(ME) and S = 1(INS), and has the same values different from the case of S = 0 (ANW).
Thus we see that for SU(2) Skyrme model to describe the baryonic states, three cases S = 0(ANW), S = 1(ME) and S = 1(INS) of quantization are possible. When compared with experiment, S = 0(ANW) case realizes the reality best. However, from the viewpoint of the quantum mechanics on S 3 , these three cases are on the same footing and there is no way of determining which quantization has to be adopted.
Since the Skyrme model stems from the nonlinear sigma model, it would be interesting to trace the field theoretical origin of L induced . An obvious candidate is the Wess-Zumino term which is also related to topology of the field configuration space. The field theoretical origin of L induced is important also for the argument related to g A , because we need to consider the axial vector current of the model. This problem is left for future investigations.
No further constraints follow from other consistency conditions. We define the matrix C ij (i, j = 1, · · · , 7) by C ij ≡ {χ i , χ j } in terms of Poisson bracket { , }. Then, det C ij = 0 shows that there exists first class constraint among the above seven constraints χ i (i = 1, · · · , 7).
In order to construct the Dirac bracket, we introduce one gauge fixing condition 
